



















Generalized universality in the massive sine-Gordon model
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A non-trivial interplay of the UV and IR scaling laws, a generalization of the universality is
demonstrated in the framework of the massive sine-Gordon model, as a result of a detailed study of
the global behavior of the renormalization group flow and the phase structure.
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Introduction.— Our hope to cover the overpowering
richness of Physics by microscopic theories constructed
on simple elementary principles is based on the concept of
universality, the possibility of ignoring most of the short
distance, microscopic parameters of the field theoretical
models in describing the dynamics at finite scales [1].
Such an enormous simplification, obtained by inspecting
the asymptotical UV scaling laws, is possible if the renor-
malized trajectory ‘spends’ several orders of magnitude
in the UV scaling regime and suppresses the sensitivity
of the physics on the non-renormalizable, i.e. irrelevant
parameters.
But one tacitly assumes in this scenario that there
are no other scaling laws in the theory or at least they
do not influence the results obtained in the UV scaling
regime. This is certainly a valid assumption for mod-
els with explicit mass gap in the Lagrangian which ren-
ders all non-Gaussian operator irrelevant at the IR fixed
point. But what happens in theories with massless bare
particles? Spontaneous symmetry breaking, or dynami-
cal mass generations in general, may change the situation
[2, 3] and open the possibility of tunable parameters of
the theories which make their impact on the dynamics
due to a competition between the UV and the IR scaling
regimes. Such a competition can be highly non-trivial
because both of these regimes can cover unlimited orders
of magnitude of evolution for the RG flow.
We turn to a simple two-dimensional model in this
work whose dynamics displays such a phenomenon. It
has an explicit mass gap but this does not render the
IR dynamics uninterestingly suppressed. This is because
the natural strength of a coupling constant is its value
when expressed in units of the scale inherent of the phe-
nomenon to be described, the gliding cutoff in the frame-
work of the renormalization group (RG). Since the non-
Gaussian coupling constants of the local potential have
positive mass dimension in two space-time dimensions,
the usual slowing down of the evolution of dimensional
coupling constants below the mass gap generates diverg-
ing dimensionless coupling constants, i.e. relevant pa-
rameters at the IR fixed point. But this is one part
of the story only. The other part is that in order to
have non-trivial competition between the UV and IR
scaling regimes we need coupling constants which are
non-renormalizable, i.e. irrelevant at the UV fixed point
and turn into relevant at the IR end point. In order to
render the coupling constants of the local potential non-
renormalizable we need non-polynomial coupling. The
simplest, treatable case is the sine-Gordon (SG) model
whose Lagrangian contains a periodic local potential
and which possesses two phases. All coupling constants
of the local periodic potential are non-renormalizable
in one of the phases when the model is considered in
the continuous space-time with non-periodic space-time
derivatives[4].
We are thus lead to the massive sine-Gordon (MSG)
model which has already been thoroughly investigated
in the seventies as the bosonized version of the massive
Schwinger model, 1+1 dimensional QED, the simplest
model possessing confining vacuum [6]. The different UV
and IR scaling laws have already been addressed in this
model [7, 8] but the careful identification of the full scal-
ing regime, not only the asymptotical ends is needed to
understand the global features of the RG flow diagram.
This is the goal of the present work.
Blocking in momentum space.— The MSG model is












given in the leading order, local potential approximation
(LPA) of the gradient expansion, k denotes the sharp











The blocking in momentum space [9], the lowering of the
cutoff, k → k − ∆k, consists of the splitting the field
variable, φ = φ˜ + φ′ in such a manner that φ˜ and φ′
contains Fourier modes with |p| < k−∆k and k−∆k <
|p| < k, respectively and the integration over φ′ leads to
2the Wegner-Houghton (WH) equation [10]





1 + U˜ ′′k (φ)
)
(3)
for the dimensionless local potential U˜k = k
−2Uk. This
equation is obtained by assuming the absence of instabil-
ities for the modes around the cutoff. Only the WH-RG
scheme which uses a sharp gliding cutoff can account for
the spinodal instability, which appears when the restor-
ing force acting on the field fluctuations to be eliminated
is vanishing and the resulting condensate generates tree-
level contributions to the evolution equation [11]. The
saddle point for the blocking step, φ′0, is obtained by min-
imizing the action, Sk−∆k[φ] = minφ′ (Sk[φ+ φ
′]) [3, 12].









duU˜k(φ + 2ρ cos(piu))
]
(4)
in LPA where the minimum is sought for the amplitude
ρ only.
One can show that both evolution equations, Eqs. (3)
and (4), preserve the period length of the potential Vk(φ)
and the non-periodic part of the potential, therefore
M2k = M
2 and βk = β. Thus the mass is relevant pa-









Asymptotic scaling.— It is easy to find the asymptotic










in the UV regime after ignoring O(M2/k2) and
O(|U ′′Λ|










The asymptotic IR scaling, well below the mass scale,
is trivial because the mass gap freezes all scale depen-
dence. The numerical solution of the complete evolution
equation Eq. (3) is shown together with the asymptotic
solutions in Fig. 1.
Impact of the mass gap.— It is instructive to com-
pare the RG flow of the (massless) SG and the MSG
models. The asymptotic UV evolution equations differ
in O(M2/k2) terms only and the mass term gives small
corrections to the scaling laws in this regime. But the
mass gap freezes out the evolution for any values of β
thus more significant differences should show up between
the SG and the MSG models. The dimensionful potential
approaches a constant in the SG model as a result of the
loop-generated or instability driven evolution in the ion-
ized or the molecular phase, respectively [9, 12]. The evo-
lution of the potential freezes out below the mass gap of
the MSG model and a non-trivial potential is left over in
the IR end point, reflecting the state of affairs at k ≈M .
The IR scaling is trivial for k < M , u˜n(k) ∼ k
−2. In
order to go beyond the asymptotic scaling analysis and
to find out more precisely the changes brought by the
non-periodical mass term to the RG flow we have to rely
on the numerical solutions of the evolution equations.
Let us consider first the regime β2 > 8pi which is free of
spinodal instabilities in the massless case. The evolution
of the first four coupling constants, u˜1, . . . , u˜4 is shown
in Fig. 1 for β2 > 8pi. The UV scaling regime is confined
in this plot to the very beginning, around k/Λ ≈ 1 [9],
and what we see here is that the flows of the SG and
the MSG models agree for β2 > 8pi even in the IR scal-
ing regime down to the mass gap. The freeze-out below
































FIG. 1: RG flow of u˜1, . . . , u˜4 for β
2 = 12pi andM2 = 10−9Λ2
(solid line) or M2 = 0 (dense dotted line). The plot also
shows the asymptotic IR scaling ∼ k−2 (rare dotted line).
The massive and the massless flows depart at the scale M ,
indicated by a dashed vertical line, placed at the intersection
of the dotted lines.
The comparison of the massive and the massless cases
is more involved for β2 < 8pi due to the appearance of
instabilities. If the scale kSI where instabilities appear is
higher than the mass gap, kSI > M , then the RG flows
of the MSG and SG models are similar down to M and
they, i.e. both display instabilities and differ for k < M
only, as shown in Fig. 2. When the freeze-out scale is
reached first during the evolution, i.e. the scale kSI of
the SG model with the same potential as V (φ) of the
MSG model is smaller than M then the instability does
not occur in the MSG model.













































FIG. 2: RG flow of u˜1, . . . , u˜4 for β
2 = 4pi and M2 = 10−9Λ2
(solid line) orM2 = 0 (dotted line). The scales of the spinodal
instability kSI/Λ and the mass M/Λ are indicated. The inset
shows RG flows of u˜1 for several different initial values at
M2 = 10−9Λ2.
gion in the coupling constant space with spinodal insta-
bility with the truncation where a single Fourier mode is
kept only, u˜n = u˜δ1,n. The condensate appears during














for β2 < 8pi, suggesting that the coupling constant can
be weak enough to allow the mass term to remove the
condensate. The RG flow obtained numerically for u˜1(k)
shown in the inset of Fig. 2 confirms, as well, that the
mass can be strong enough to prevent the formation of in-
stabilities. One can get an estimate of the critical value of










The boundary of the region with instability is shown in
Fig. 3. In contrast to the SG model where the instability
extends over the whole phase with β2 < 8pi the mass
term always wins at the IR end point of the flow of the
MSG model and removes the condensate at some low but
finite value of the scale k.
The disappearance of spinodal instability and the triv-
ial scaling, |u˜n| ∼ k
−2 [8] can be made plausible also
by the following, simple analytic consideration. Namely,




























u1c( ) = 0.0001
u1c( ) = 0.0003










































FIG. 3: The region with spinodal instability. Different sym-
bols show the boundary obtained by the numerical computa-
tion with 10 coupling constants and the lines show the results
obtained by taking into account a single Fourier mode only.
with





giving an RG invariant quantity for Bn,s in the IR scaling
region. Finally, the second term on the right hand side
of Eq. (10) can be neglected for k ≪M , yielding u˜n(k) ∼
un(0)k
−2 in the IR scaling region.
Phase structure.— The mass term deforms the phase
boundary of the SG model by extending the ionized
phase. In this phase of the SG model the IR scaling law
generates the scale dependence of the coupling constants
un(k) with n ≥ 2 through u1(k), namely renders the ra-
tios RSGn = un(k)/u
n
1 (k) RG invariant. It was checked
numerically that RMSGn = |un(k)|/u
n
1 (k) is RG invariant
in the IR scaling region of the MSG model without con-
densate and the potential at k = 0 depends on the initial
value of u1 only.
The phase with condensate is similar to those of the
SG model. The potential develops quickly into a super-
universal, initial condition independent shape [9] when
M < k ≈ kSI, cf. the inset of Fig. 2. But this scaling
regime ends at k ≈ M where trivial scaling laws come
into force down to k = 0. The matching of the IR scaling
of the SG model [9] with the trivial scaling law gives
un(0) = (−1)
n+12M2/n2β2.
The modification of the phase boundary induced by
the mass can be seen by means of the sensitivity matrix
[3, 9], too. This matrix, defined as the derivatives of the





develops singularities when the UV and IR cutoffs are
removed at the phase boundaries only. The typical be-
havior is depicted in Fig. 4, showing that the appearance
of the condensate generates first singular turns and leads
later to radically different scale-dependence in this ma-
trix.
The molecular phase of the two-dimensional SG model

























FIG. 4: The (1, 1) element sensitivity matrix is computed
numerically for various initial conditions for β2=4pi as the
function of k/Λ. The trajectories of molecular and the ionized
phases are shown by dashed and solid lines, respectively.
ory [9] because both support spinodal instabilities in their
vacuum and the periodic symmetry of the SG model is
formally similar to the center symmetry of the gauge the-
ory. This analogy can be extended to the MSG model,
where the breakdown of the periodicity which manifests
itself in the scaling laws for k < M is comparable with the
spontaneous symmetry breaking in a four dimensional
Yang-Mills-Higgs system. The solitons cease to be sta-
ble and elementary plane-wave excitations appear in the
scattering matrix of the MSG model due to the break-
down of the periodicity by the mass term. In a similar
manner, the confining forces are lost by the spontaneous
breakdown of the global symmetry and elementary ex-
citations propagate in the vacuum of gauge theories. In
other words, the competition of the confinement and the
symmetry breaking scales in the gauge theory is similar
to what happens between kSI and M in the MSG model.
RG microscope.— The non-triviality of the IR scal-
ing regime opens the possibility of having relevant non-
renormalizable operators, being irrelevant around the
UV fixed point, but becoming relevant in the IR scal-
ing regime. To find out whether this can be the case let
















and calculate the (1, 1) element of the sensitivity matrix





We set β2 > 8pi, i.e. move deep in the ionized phase in the
language of the SG model where all coupling constants
are non-renormalizable. But the IR scaling law makes
the coupling constants relevant with its factor k−2. More
precisely, the dimension 2 coupling constants freeze out
meaning that their values counted in the ‘natural’ units
of the running cutoff, k, diverge as the IR end point,
k = 0, is approached. The result is the regain of the sen-
sitivity of the long distance physics on the choice of the
bare, microscopic, non-renormalizable coupling constants
which was suppressed in the UV scaling regime. As long
as the UV cutoff Λ and the IR observational scale k are
chosen according to k = t−pIRµ and Λ = tpUVµ where
pIR = pUV(β
2/8pi − 1) > 0 (with any t > 1 and µ > 0),
the observed IR dynamics depends on the choice of the
bare coupling constant. This rearrangement is reminis-
cent of the traditional microscope in the sense that the
amplification, i.e. divergence of the RG flow in the IR
scaling regime balances the suppression, i.e. focusing of
the flow in the UV scaling regime. As a result the large
scale observations can fix the value of the microscopic
parameter with good accuracy. Notice that this kind of
dynamics must be put in the theory at microscopic scale
even though it starts to influence the physics in the IR
scaling regime. Such an interplay between the different
scaling regimes represents a highly non-trivial, global ex-
tension of the simple universality idea which is based on
the local analysis of the RG flow at a given fixed point
and might be a key to phenomena like superconductivity
and quark confinement [2, 3].
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